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We introduce some new perfect state transfer and teleportation schemes by quantum walks with two coins.
Encoding the transferred information in coin 1 state and alternatively using two coin operators, we can perfectly
recover the information on coin 1 state at target position only by at most two times of flipping operation. Based
on quantum walks with two coins either on the line or on the N -circle, we can perfectly transfer any qubit
state. In addition, using quantum walks with two coins either on complete graphs or regular graphs, we can
first implement perfect qudit state transfer by quantum walks. Compared with existing schemes driven by one
coin, more general graph structures can be used to perfectly transfer more general state. Moreover, the external
control of coin operator during the transmitting process can be decreased greatly. Selecting coin 1 as the sender
and coin 2 as the receiver, we also study how to realize generalized teleportation over long steps of walks by the
above quantum walk models. Because quantum walks is an universal quantum computation model, our schemes
may provide an universal platform for the design of quantum network and quantum computer.
PACS numbers: 03.67.Ac, 03.67.Lx, 03.67.Hk
I. INTRODUCTION
Quantum walks have been introduced as a quantum ana-
logue of classical random walks. It was first proposed by
Aharonov et al. in 1993 [1], and the model of quantum walks
on the line was developed by Ambainis et al. in 2001 [2].
For the case of a general graph, Aharonov et al. [3] also in-
troduced the corresponding model. After these works, there
appeared much fruitful research on discrete and continuous
quantum walks [4, 6]. One kind of the prominent applica-
tions of quantum walks is to design algorithms in quantum in-
formation processing, such as search algorithms, and element
distinctness, etc. [2, 5–11]. Another kind of applications for
quantum walks is chosen to be an universal quantum computa-
tion model [12–14]. Quantum walks with multiple coins was
first proposed by Brun et al. in 2003 [15]. However, because
it has some similar properties with quantum walks with one
coin, it hasn’t drawn much attention. Recently, we found that
it can finish some quantum communication tasks more conve-
niently [16]. In this paper, we mainly consider quantum state
transfer and quantum teleportation protocols.
As far as we know, quantum state transfer between different
sites is a significant problem for quantum networks and quan-
tum computer. In 2003, Bose first considered this problem
using spin chains as the quantum communication carrier in
quantum computing [17]. Because spin chain can be regarded
as a wire in quantum networks, state transfer by spin chains
has been studied widely [18–20]. An ideal scenario is that
the unit fidelity of transfer is needed. However, it has been
demonstrated that such perfect transfer cannot be achieved
within chains with basic nearest-neighbor couplings [20].
In 2004, Chiristandle et. al found that the time-evolution of
qubit state transfer through the spin chain can be interpreted
as a continuous time quantum walk [18]. It was also gener-
alized to discrete time quantum walk by adding a position-
dependent coin operator [21]. In the last decade, state transfer
by quantum walks became an interesting topic. Kendon et al.
studied state transfer in quantum walks on various graphs, and
they mainly considered continuous time quantum walks. They
found that very few graphs can realize perfect state transfer
[22, 23]. By discrete-time quantum walk search algorithm,
M. Stefanˇa`k et al. discussed state transfer on star graphs and
complete bipartite graphs [24]. Yalcinkaya et al. [25] de-
signed qubit state transfer with discrete-time quantum walk
on a N -circle and N -line by adding some recovery operator
to the whole system. However, for the N -circle protocol, N
should be even number, and the transferred state can only be
transmitted to the opposite site on the circle. Zhan et al. [26]
designed paths to transfer qubit state by discrete time quan-
tum walks on the line. However, at the same step, different
coin operators is needed to do flipping operation for differ-
ent positions. Obviously, they will bring extra complexity for
operation in reality experiment.
In order to implement scalable quantum networks, we need
to set up various building blocks of the networks such as line,
circle, complete graph or regular graph. To observe or control
corresponding quantum system, one has to select an interface
to interact with the system. The interface can also be used
as a quantum communication channel [27]. Here selecting
quantum walks with two coins as the basic model and then
two coin space as the communication carrier, we successfully
implement some quantum communication tasks on the above
graphs.
In this paper, we consider both state transfer and general-
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2ized teleportation schemes driven by quantum walks with two
coins. We select coin spaces as the quantum communication
channel. In the first scheme, we encode the unknown state at
the coin 1 space. After finite steps of walk, by alternatively
using the two coin operators, we can transfer the state to any
target position, and recover transferred information perfectly
in coin 1 space at the target position. Based on this idea, we
find that any unknown qubit state can be perfectly transferred
on the line and on the N -circle by using these two coins al-
ternatively. Compared with results given by Yalcinkaya [25],
we can transfer information to any target position in an infi-
nite line. As for N -circle, our circle is not necessarily to have
even vertex, and the information can be transferred from the
initial position to any other position on the circle. Compared
with routing path on the line [26], for the same step, we use
the uniform coin operator at different positions. Obviously, it
reduces the extra complexity for operating in practice exper-
iment. In our scheme, only at most two moments, we need
to use coin flipping operator Pauli X , and we can calculate
the moment accurately. However, more than two moments is
needed to do coin flipping operation [26]. Most importantly,
we first show that an unknown qudit state can be perfectly
transferred on the complete graph or regular graph by quan-
tum walks.
The second scheme is to implement generalized teleporta-
tion over long distance walks by two coins. This is a further
extension of the work [16]. By two steps of quantum walk
with two coins, we can transmit qubit state on the line or on
the 4-circle. Moreover, we can teleport any qudit state on ei-
ther completer graph or regular graph [16]. Although one can
use classical teleportation scheme successfully in experiment
when teleporting a lower dimension state [28], how to tele-
port any qudit state is still a very difficult problem. However,
for d > 2, our schemes embody its advantage. By changing
the d2-dimensional measurement basis of the original protocol
into two d-dimensional measurements, quantum walk formal-
ism might make it possible to have a simpler implementation
than the original teleportation protocol. In [16], we imple-
ment teleportation only by two steps of walk. In this paper, we
study how to realize teleportation by quantum walks with two
coins after long steps of walk. Encoding the unknown infor-
mation on coin 1 space, after long distance of walks, we can
still recover the information on coin 2 space perfectly by lo-
cal measurement and local correction. Based on our schemes,
we can implement unknown qubit teleportation over long dis-
tance walks on the circle with even vertex. After 2t steps of
walk, we can implement any qudit state teleportation using
complete graph or regular graph.
Because quantum walks is an universal quantum compu-
tation model, these communication protocols may provide a
universal platform for the design for quantum computer.
The paper is organized as follows. In Section II, we intro-
duce models of coined quantum walks on various graphs. In
Section III, various state transfer schemes based on quantum
walks with two coins are given. In Section IV, long distance
teleportation by quantum walks with two coins on various
graphs are showed. In the last section, we give the conclu-
sion.
II. PRELIMANARY
Quantum walks on the line One-dimensional quantum
walk [2] takes place in a compound Hilbert space compris-
ing position space and coin space, defined asH = HP ⊗HC ,
where HP = span{|n〉 : n ∈ Z} and HC = span{|0〉, |1〉}.
The walker walks in a one-dimensional line. Each step of the
quantum walk is described by the equationW (l) = S ·(I⊗C),
whereC is called a coin operator acting on coin space, and the
conditional shift operator S is denoted by
S =
∑
x
(|x+ 1〉〈x| ⊗ |0〉〈0|+ |x− 1〉〈x| ⊗ |1〉〈1|). (1)
The conditional shift operator simulates the classical way of
random walks. The walker moves either one step to the left or
to the right depending on the state of the coin.
Quantum walks on graphs The definition of coined quan-
tum walks on graphs was given by Aharonov [3]. LetG(V,E)
be a graph, and Hv be the Hilbert space spanned by states
|v〉, where vertex v ∈ V . At each vertex j, there are sev-
eral directed edges with labels pointing to the other ver-
tices. The coin space Hc is spanned by states |a〉, where
a ∈ {0, · · · , d − 1}. They are the labels of the directed
edges. The conditional shift operation between Hv and Hc
is T =
∑
j,a |k〉〈j| ⊗ |a〉〈a|, where the label a directs the
edge j to k.
Quantum walks driven by many coins
In the above two quantum walks, there is only one coin
space. Now we introduce quantum walks driven by many
coins [15]. We take quantum walks on the line with many
coins as an example, while quantum walks on graphs with
many coins can be obtained in a similar way. This walk can
be seen in Figure 1, where there areM coins in total. The uni-
tary transformation that results from flipping the mth coin is
given byWm = (S⊗P0m+S†⊗P1m)(I⊗Cm). Here Cm is
a coin operator acting on themth coin, S =
∑
n |n+1〉|〈n| is
the shift operator on the position space, and P0m = |0〉m〈0|,
P1m = |1〉m〈1|. If we cycle among the coins, doing a to-
tal of t flips (t/M with each coin), then the state will be
|Ψ(t)〉 = (WM · · ·W1)t/M |Ψ0〉. Here we consider the situ-
ation where t = M . The number of the coin is the same as
the steps of the walks. There are M unitary transformations
{Wm}, and they all commute with each other: [Wm,Wn] = 0
for m 6= n.
3Position
Coin 1
Coin 2
Coin M
.
.
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FIG. 1: Circuit diagram of quantum walks with multiple coins. The
first horizontal line represents the walker qudit (a superposition of
finite many positions), and the following lines are coin states. Ci is
a coin operator on the ith coin. S denotes the transition operator on
the position space. The control state is in the coin’s space. The target
state is in the position space. When the control state is |0〉, the target
state runs operation S. When the control state is |1〉, the target state
runs operation S†. When t = M , Wi can be seen as the ith step of
quantum walk with multiple coins.
III. PERFECT STATE TRANSFER BY QUANTUMWALKS
WITH TWO COINS
Qubit state transfer on the line
In the following, we will introduce a scheme to perfectly
transfer the qubit (coin state) through quantum walks on one-
dimensional line with two coins. The initial state of the
walker-coin-coin system is
|φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗ |0〉, (2)
where |a|2 + |b|2 = 1. Let |φ〉i denote the state describing the
system after the ith step.
In this scheme, the unknown state of coin 1 can be trans-
ferred to an arbitrary position x after certain n steps of quan-
tum walks. The number of n is correlated to x. The total
process is described as
|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(a|0〉+ b|1〉)⊗ U2|0〉, (3)
where U1 and U2 are recovery unitary operators. Refer to
Figure 2.
-2 -1 0 1 32
|0i ⌦ (a|0i+ b|1i)⌦ |0i
-2 -1 0 1 2 x
|xi ⌦ U1(a|0i+ b|1i)⌦ U2|0i
n
FIG. 2: Qubit state transfer on the one-dimensional line. In this
graph, the position x is located at the right side of 0. In addition,
it can be in the left side. The process is listed at the following cases.
It should be noted that we alternately use two coin op-
erator I and X . At the odd (even) steps, we use the first
(second) coin to control the movement of the walker. If
the coin operators are independent with the step i, the state
of |φ〉i is given by the following. For an even number i,
|φ〉i = W i/21 W i/22 |φ〉0. For an odd number i, |φ〉i =
W
di/2e+1
1 W
di/2e
2 |φ〉0. In this scheme, the coin operators are
related with the step i. Here we list the selected coin operators
under each step. At the end of steps, we can choose suitable
unitary operators U1 and U2 on the coin 1 and coin 2 space to
recover the state.
Case 1.1: The position x is a positive and even number.
ith step 1 2 · · · x− 1 x x+ 1 x+ 2 · · · 2x− 1 2x
C1 I · · · I X · · · I
C2 I · · · I I · · · I
TABLE I: Case 1.1 on the line
In this case, only at the (x + 1)-th step of quantum walks,
we choose the coin operatorC1 on coin 1 space to be Pauli op-
eratorX . At the other steps, the coin operators are all identity.
After we run 2x steps of quantum walks, the state a|0〉+ b|1〉
can be perfectly transferred. The detailed process are given as
follows
• If i = 1, |φ〉1 = |1〉 ⊗ a|00〉+ | − 1〉 ⊗ b|10〉.
• If i = 2, |φ〉2 = |2〉 ⊗ a|00〉+ |0〉 ⊗ b|10〉.
• If i = x−1, |φ〉x−1 = |x−1〉⊗a|00〉+ |−1〉⊗ b|10〉.
• If i = x, |φ〉x = |x〉 ⊗ a|00〉+ |0〉 ⊗ b|10〉.
Here, we can check the situation that we run 2t steps of
quantum walks when C1 = C2 = I . The walker will move 2t
steps forward at the coin state |00〉, 2t steps backward at the
coin state |11〉, or stand still at the coin state |10〉 (|01〉).
After x (even) steps of quantum walks totally, the infor-
mation of a flows to the position x. And the information of
b rest on the position 0. In the rest steps of quantum walks,
we should make the information of b flow to the position x,
and keep the information of a still at the end step of quantum
walks. So we use the Pauli operator X to entirely flip the coin
states in the coin 1 space (i.e. |0〉 → |1〉, |1〉 → |0〉). Then
the coin state in the two coin spaces changes from |00〉 to |10〉
and from |10〉 to |00〉. This will bring the result we need.
• If i = x+ 1, |φ〉x+1 = |x− 1〉 ⊗ a|10〉+ |1〉 ⊗ b|00〉.
• If i = x+ 2, |φ〉x+2 = |x〉 ⊗ a|10〉+ |2〉 ⊗ b|00〉.
• If i = 2x−1, |φ〉2x−1 = |x−1〉⊗a|10〉+|x−1〉⊗b|00〉.
• If i = 2x, |φ〉2x = |x〉 ⊗ a|10〉+ |x〉 ⊗ b|00〉.
The final state |φ〉2x is equal to |x〉 ⊗ (a|1〉 + b|0〉) ⊗ |0〉.
We can choose the recovery operator U1 to be X . Then the
state is successfully transferred to the position x.
We notice that the perfectly state transfer can be also
achieved at the (2x − 1)-th steps of quantum walk. and the
position 2x− 1 is odd. The positive and odd case is bellow.
Case 1.2: The position x is a positive and odd number.
In this case, only at the (x + 2)-th step, we choose the
coin operator C1 on coin 1 space to be Pauli operator X . At
4ith step 1 2 · · · x x+ 1 x+ 2 x+ 3 · · · 2x− 1 2x 2x+ 1
C1 I · · · I X · · · I I
C2 I · · · I I · · · I
TABLE II: Case 1.2 on the line
the other steps, the coin operators are all identity. We can
perfectly transferred the unknown state with 2x + 1 steps.
U1 = X , U2 = I . The proof is similar with the even case.
Case 1.3: The position x is a negative and even number.
ith step 1 2 · · · |x| − 1 |x| |x|+ 1 |x|+ 2 · · · |2x| − 1 |2x|
C1 I · · · I X · · · I
C2 X · · · I I · · · I
TABLE III: Case 1.3 on the line
In this case, we choose the coin operator C2 to be X at the
second step of quantum walks, and we choose C1 to be X at
the (x+1)− th step. At the other steps, the coin operators are
all identity. After we run 2|x| steps of quantum walks, where
x is a negative number, the state a|0〉 + b|1〉 can be perfectly
transferred. The recovery operators are given by : U1 = X ,
and U2 = I . The results can be calculated as follows:
• If i = 1, |φ〉1 = |1〉 ⊗ a|00〉+ | − 1〉 ⊗ b|10〉.
• If i = 2, |φ〉2 = |0〉 ⊗ a|01〉+ | − 2〉 ⊗ b|11〉.
• If i = |x|−1, |φ〉|x|−1 = |1〉⊗a|01〉+ |1−|x|〉⊗b|11〉.
• If i = |x|, |φ〉|x| = |0〉 ⊗ a|01〉+ |x〉 ⊗ b|11〉.
Here, the information of b flows to the position x and the
information of a rests on the position 0.
• If i = |x|+1, |φ〉|x|+1 = |−1〉⊗a|11〉+|1−|x|〉⊗b|01〉.
• If i = |x|+ 2, |φ〉|x|+2 = | − 2〉 ⊗ a|11〉+ |x〉 ⊗ b|01〉.
• If i = 2|x| − 1, |φ〉2|x|−1 = |1 − |x|〉 ⊗ a|11〉 + |1 −
|x|〉 ⊗ b|01〉.
• If i = 2|x|, |φ〉2|x| = |x〉 ⊗ a|11〉+ |x〉 ⊗ b|01〉.
The final state |φ〉2|x| is equal to |x〉 ⊗ (a|1〉+ b|0〉)⊗ |1〉.
Let U1 = U2 = X . Then the state is successfully transferred
to the position x.
Also we can notice that the perfectly state transfer can be
also achieved at the (2|x| − 1)-th steps of quantum walk. And
the position 1 − |2x| is odd. The negative and odd case is
bellow.
Case 1.4: The position x is a negative and odd number.
ith step 1 2 · · · |x| |x|+ 1 |x|+ 2 |x|+ 3 · · · |2x| − 1 |2x| |2x|+ 1
C1 I · · · I X · · · I I
C2 X · · · I I · · · I
TABLE IV: Case 1.4 on the line
In this case, we choose the coin operator C2 to be X at the
second step of quantum walks and we choose C1 to be X at
the (|x| + 2) − th step. At the other steps, the coin operators
are all identity. After we run 2|x|+ 1 steps of quantum walks,
the state a|0〉+b|1〉 can be perfectly transferred. The recovery
operators are given by U1 = X , and U2 = X . The proof is
similar with the even case.
Summery: In this scheme, the coin operators are just depen-
dent on the evolution of the time. They are independent with
the positions. The coin operators are selected from {I,X}.
There are at most two moments that we choose the coin oper-
ator to be X .
The process has a periodicity. We take the case that x is an
even number as an example. In this process, we do not use the
recovery operators. Let the state |φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗
|0〉 be the initial state. After we run the process given in case
1.1, the final state is |φ〉2x = |x〉⊗(a|1〉+b|0〉)⊗|0〉. Let it be
the initial state and run a new round of process given in case
1.3, and then the final state is |φ〉4x = |0〉⊗(a|0〉+b|1〉)⊗|0〉.
This state returns to the initial state of the system.
Moreover, the scheme can be used to perfectly transfer the
unknown coin state (qubit) from the initial position to any tar-
get position. Let l be the initial position and |l〉 ⊗ (a|0〉 +
b|1〉) ⊗ |0〉 be the initial state of quantum walks. If we run
the process given in the first two scheme, the final state will
be |l + x〉 ⊗ (a|0〉 + b|1〉) ⊗ |0〉. The first two schemes can
be used to transfer the state towards right with |x| steps, i.e.,
from an initial position l to l + |x|. The last two schemes can
be used to transfer the state towards left with |x| steps, i.e.,
from l to l− |x|. Thus the schemes can be used as an efficient
quantum routing.
Qubit state transfer on circles
In the schemes above, we use quantum walks on the line.
In this subsection, we can use quantum walks on graphs [3].
Let G(V,E) be a graph, andHv be the Hilbert space spanned
by states |v〉, where vertex v ∈ V . At each vertex j, there
are several directed edges with labels pointing to the other
vertices. The coin space Hc is spanned by states |a〉, where
a ∈ {0, · · · ,m}. They are the labels of the directed edges.
The conditional shift operation between Hv and Hc is T =∑
j,a |k〉〈j|⊗ |a〉〈a|, where the label a directs the edge j to k.
Choose a special graph, i.e., a circle with d vertices, where
there are two edges at each vertex. Then the coin space is
spanned by |0〉, |1〉. The conditional shift operator between
the position space and the coin space is defined as
S1 =
d−1∑
k=0
(|(k + 1) mod d〉〈k| ⊗ |0〉〈0|+
|(k − 1) mod d〉〈k| ⊗ |1〉〈1|)
(4)
In the paper [25], perfect state transfer can be achieved by
quantum walks on N -circles with one coin space, where there
are even vertices on the circle. The unknown state is trans-
ferred from the initial position to the opposite position i.e.
0 → N/2, N is an even number. However, in our schemes,
by introducing a new coin space, perfect state transfer can be
5achieved on circles with any vertices and from the initial po-
sition to any target position in our schemes.
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FIG. 3: Qubit state transfer on circles
Unlike with quantum walks on the line, it holds that 0 ≤
x ≤ d − 1 for a certain vertex x on the circle. The whole
process of transferring is described in equation 3, where 0 ≤
x ≤ d−1. There is only one direction from the initial position
0 to the target position x in quantum walks on the line. But
there are two directions in quantum walks on circle, namely,
clockwise and anticlockwise. Here, we can check the situation
that we ran 2 steps of quantum walks when C1 = C2 = I .
The walker on the circle will rotate 2 steps clockwise at the
coin state |00〉, 2 steps anticlockwise at the coin state |11〉, or
stand still at the coin state |10〉 (|01〉). Thus, for transferring
the state from 0 to x, there are four methods to design the
scheme:
1. The information of a and b flow from 0 to x clockwise.
2. The information of a and b flow from 0 to x anticlock-
wise.
3. The information of a (b) flows from 0 to x clockwise
(anticlockwise).
4. The information of a (b) flows from 0 to x anticlockwise
(clockwise).
Now we introduce the first method. The number of vertex
d can be odd or even. If the vertex x is even, we use the coin
operators shown in Table I. If the vertex x is odd, we use the
coin operators show in Table II.
The conditional shift operators in quantum walks on the line
and circle are not identical. However, after the calculation
about the evolutions of quantum walks and unitary recovery,
the final states are same, both of which are |x〉⊗(a|0〉+b|1〉)⊗
|0〉. In this method, the total steps of quantum walks are 2x
(even case) or 2x+ 1 (odd case), respectively.
If the vertex x is closer to 0 in anticlockwise direction than
in clockwise direction, (i.e., x > d/2), we can use the second
method for state transfer. The total steps of quantum walks
will be less than the first method. In addition, the number of
vertices can be even or odd. The total steps of quantum walks
are 2d−2x (even case) or 2d−2x+1 (odd case), respectively.
Case 2.1: The number d− x is even.
Case 2.2: The number d− x is odd.
The last two methods can also be used to perfectly transfer
a state. The total steps of quantum walks are irrelevant with
ith step 1 2 · · · d− x− 1d− xd− x+ 1d− x+ 2· · · 2d− 2x− 12d− 2x
C1 I · · · I X · · · I
C2 X · · · I I · · · I
TABLE V: Case 2.1 on the circle
ith step 1 2 · · · d − xd − x + 1d − x + 2d − x + 3· · · 2d − 2x − 12d − 2x2d − 2x + 1
C1 I · · · I X · · · I I
C2 X · · · I I · · · I
TABLE VI: Case 2.2 on the circle
the number of x, whereas the number of vertices should be
even. We take the third method as an example, and then we
list the coin operators at each step and the recovery unitary
operators.
Case 3.1: The position x is even and the total number of
vertices d is even.
ith step 1 2 · · · x− 1 x x+ 1 x+ 2 · · · d− 1 d
C1 I · · · I I · · · I
C2 I · · · I X · · · I
TABLE VII: Case 3.1 on the circle
In this case, only at the (x + 2)-th step, we let C2 = X .
At the other steps, the coin operators are all identity. The
calculation process is as follows
• If i = 1, |φ〉1 = |1〉 ⊗ a|00〉+ |d− 1〉 ⊗ b|10〉.
• If i = 2, |φ〉2 = |2〉 ⊗ a|00〉+ |0〉 ⊗ b|10〉.
• If i = x−1, |φ〉x−1 = |x−1〉⊗a|00〉+ |d−1〉⊗b|10〉.
• If i = x, |φ〉x = |x〉 ⊗ a|00〉+ |0〉 ⊗ b|10〉.
After x steps of quantum walks totally, the information of a
flows to the position x. Moreover, the information of b rests on
the position 0. In the rest steps of quantum walks, we should
make the information of b flow to the position x and keep the
information of a still at the last step.
• If i = x+1, |φ〉x+1 = |x+1〉⊗a|00〉+ |d−1〉⊗b|10〉.
• If i = x+ 2, |φ〉x+2 = |x〉 ⊗ a|01〉+ |d− 2〉 ⊗ b|11〉.
• If i = x + (d − x − 1), |φ〉d−1 = |x + 1〉 ⊗ a|01〉 +
|x+ 1〉 ⊗ b|11〉.
• If i = d, |φ〉d = |x〉 ⊗ a|01〉+ |x〉 ⊗ b|11〉.
The final state |φ〉d is equal to |x〉 ⊗ (a|0〉 + b|1〉) ⊗ |1〉,
which means that the state is successfully transferred to the
position x. Let U2 = X .
We notice that the perfectly state transfer can be also
achieved at the (2x − 1)-th steps of quantum walk, and the
position 2x− 1 is odd. The positive and odd case is bellow.
Case 3.2: The position x is odd and the total number of
vertices d is even.
In this case, only at the (x + 1)-th step, let C1 = I . At the
other steps, the coin operators are all identity. The proof is
similar with the even case.
6ith step 1 2 · · · x− 2 x− 1 x x+ 1 · · · d− 1 d d+ 1
C1 I · · · I I · · · I I
C2 I · · · I X · · · I
TABLE VIII: Case 3.2 on the circle
This process of walking on the circle also has a periodicity.
The total process can be described as that the initial state ro-
tates x steps clockwise from the initial position. If we rotate
the new state d−x steps clockwise, the state will return to the
initial position.
Qudit state transfer on the complete graph
The scheme above is to transfer a qubit a|0〉+b|1〉 by quan-
tum walks either on the line or on the circle. The information
of a and b are transferred from position 0 to x. How about to
be if we want to transfer the information of {a0, · · · , ad−1}?
Now we introduce a scheme to perfectly transfer the qudit
(coin state) through quantum walks on the complete graph
with two coins. The qudit is
∑d−1
k=0 ak|k〉, where |ak|2 = 1.
Choose a special graph, i.e., a complete graph with d ver-
tices and add a loop at each vertex. Each coin space is spanned
by |0〉, · · · , |d−1〉. The conditional shift operator between the
position space and the coin space is defined as
S2 =
d−1∑
k=0
d−1∑
j=0
|(k + j) mod d〉〈k| ⊗ |j〉〈j| (5)
This operator simulates the shift regulations between the ver-
tices under the different tossed coin states.
Prepare the initial state of the walker-coin-coin system to
be
|φ〉0 = |0〉 ⊗ (
d−1∑
k=0
ak|k〉)⊗ |0〉, (6)
Let |φ〉i denote the state describing the system after the ith
step.
In this scheme, the qudit can be transferred to an arbitrary
position x (except 0) after certain n steps of quantum walks.
In addition, the number of n is correlated to x. The total pro-
cess is described as follows
|φ〉0 n steps−→ |φ〉n = |x〉 ⊗ U1(
d−1∑
k=0
ak|k〉)⊗ U2|0〉, (7)
where U1 and U2 are recovery unitary operators.
It should be noticed that the coin operations are qudit oper-
ation. Define a permutation operation:
Xd =
d−1∑
j=0
|(j + 1) mod d〉〈j|, Xd|0〉 = |1〉
Here we list the coin operators at each step.
ith step 1 2 · · · 2d− 2x− 12d− 2x2d− 2x+ 12d− 2x+ 2 · · · 2d− 12d
C1 I · · · I I · · · I
C2 I · · · I Xd · · · I
TABLE IX: Case on the complete graph
Only at the (2d−2x+2)-th step of quantum walks, letC2 =
Xd. At the other steps, the coin operators are all identity.
When C1 = C2 = I , if we run two steps of quantum walks,
the position will shift from 0 to k at the coin state |k〉|0〉. The
process can be calculated as follows
• If i = 2d− 2x,
|φ〉2d−2x =
d−1∑
k=0
ak|(d− x)k mod d〉|k〉|0〉 (8)
• If i = 2d− 2x+ 1,
|φ〉2d−2x+1 =
d−1∑
k=0
ak|[(d− x)k + k] mod d〉|k〉|0〉. (9)
• If i = 2d− 2x+ 2,
|φ〉2d−2x+2 =
d−1∑
k=0
ak|[(d− x)k + (k + 1)] mod d〉|k〉|1〉
(10)
• If i = 2d,
|φ〉2d =
d−1∑
k=0
ak|[(d− x)k + x(k + 1)] mod d〉|k〉|1〉 (11)
Because [(d−x)k+x(k+1)] mod d = x, the state is |x〉⊗
(
∑d−1
k=0 ak|k〉) ⊗ |1〉. Let U2 = X−d . The qudit is perfectly
transferred from 0 to x.
Remark: In this scheme, if the coin operators are all identity
at all these 2d steps, the qudit can be revived at position 0.
Qudit state transfer on the d-regular graph
Now we introduce a scheme to perfectly transfer the qu-
dit (coin state) through quantum walks on the d-regular graph
with two coins. Denote the number of vertices by n. The qudit
is
∑d−1
k=0 ak|k〉, where |ak|2 = 1. Each coin space is spanned
by |0〉, · · · , |d − 1〉. The conditional shift operator between
the position space and the coin space is defined as
S =
n−1∑
k=0
d−1∑
j=0
|(k + j) mod n〉〈k| ⊗ |j〉〈j| (12)
This operator simulates the shift regulations between the ver-
tices under the different tossed coin states.
7Prepare the initial state of the walker-coin-coin system to
be
|φ〉0 = |0〉 ⊗ (
d−1∑
k=0
ak|k〉)⊗ |0〉, (13)
Let |φ〉i denote the state describing the system after the ith
step.
In this scheme, the qudit can be transferred to an arbi-
trary position x (except x=0) after certain m steps of quantum
walks. However, the number of steps is correlated to x. The
total process is described as
|φ〉0 m steps−→ |φ〉m = |x〉 ⊗ U1(
d−1∑
k=0
ak|k〉)⊗ U2|0〉, (14)
where U1 and U2 are recovery unitary operators.
It should be noted that the coin operations are qudit opera-
tion. Define a permutation operation as follows
Xn =
d−1∑
j=0
|(j + 1) mod n〉〈j|, Xn|0〉 = |1〉
Here we list the coin operators at each step.
ith step 1 2 · · · 2n− 2x− 12n− 2x2n− 2x+ 12n− 2x+ 2 · · · 2n− 12n
C1 I · · · I I · · · I
C2 I · · · I Xn · · · I
TABLE X: Case on the d-regular graph
Only at the (2n− 2x+ 2)-th step of quantum walks, we let
C2 = Xn. At the other steps, the coin operators are all iden-
tity. If C1 = C2 = I , if we run two steps of quantum walks,
the position will shift from 0 to k at the coin state |k〉|0〉. The
detail process is as follows
• If i = 2n− 2x,
|φ〉2n−2x =
d−1∑
k=0
ak|(n− x)k mod n〉|k〉|0〉 (15)
• If i = 2n− 2x+ 1,
|φ〉2n−2x+1 =
d−1∑
k=0
ak|[(n− x)k + k] mod n〉|k〉|0〉. (16)
• If i = 2n− 2x+ 2,
|φ〉2n−2x+2 =
d−1∑
k=0
ak|[(n− x)k + (k + 1)] mod n〉|k〉|1〉
(17)
• If i = 2n,
|φ〉2n =
d−1∑
k=0
ak|[(n− x)k + x(k + 1)] mod n〉|k〉|1〉
= |x〉 ⊗ (
d−1∑
k=0
ak|k〉)⊗ |1〉
(18)
Let U2 = X−1n . The qudit is perfectly transferred from 0 to
x.
Remark: In this scheme, when the coin operators are all
identity at all these 2n steps, the qudit can be revived at posi-
tion 0.
IV. GENERALIZED TELEPORTATION OVER LONG STEPS
OF WALKS BY QUANTUMWALKS WITH TWO COINS
If the measurement is used as tools, the information can
also be transferred between coins space. Recently, teleporta-
tion schemes by quantum walks with two coins has been intro-
duced [16]. By two steps of quantum walks, we can transmit
unknown qubit/qudit state from coin 1 space to coin 2 space.
However, the teleportation based on quantum walks with two
coins by long steps of walk remains unclear. In this section,
we discuss the implementation conditions to conduct general-
ized teleportation by quantum walks with two coins on various
models.
Qubit teleportation on one-dimensional line over long steps of
walk
Suppose that there are two coins totally. The initial state of
walker-coin-coin system is
|φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗ |+〉. (19)
Our goal is to revive the state a|0〉+ b|1〉 on coin 2 space in
some positions.
In this scheme, local measurements in the position space
and coin 1 space are allowed, and S is chosen to be the evo-
lution between position space and coin space. Let the coin
operators to be identity, i.e., C1 = C2 = I .
After the first step of W1, the state evolutes to
|φ〉1 = (W 11W 02 )|φ〉0
= |1〉 ⊗ a|0〉 ⊗ |+〉+ | − 1〉 ⊗ b|1〉 ⊗ |+〉. (20)
After the second step of W2, the state evolutes to
|φ〉2 = (W 11W 12 )|φ〉0
= |0〉 ⊗ (a|01〉+ b|10〉)/
√
2 + (| − 2〉 ⊗ b|11〉
+ |2〉 ⊗ a|00〉)/
√
2.
(21)
Let n be an even number. At time t = n, the state evolutes
to
|φ〉t = (Wn/21 Wn/22 )|φ〉0
= |0〉 ⊗ (a|01〉+ b|10〉)/
√
2
+ (| − n〉 ⊗ b|11〉+ |n〉 ⊗ a|00〉)/
√
2.
(22)
Then, we take measurement with basis {|0〉, |n˜〉, | −
n˜〉, · · · } on the position space and use the measurement ba-
sis {|+〉, |−〉} on the coin 1 space, namely, | ± n˜〉 = (| −
8n〉±|n〉)/√2. Mark three outcomes−1, 0, 1 corresponding to
| − n˜〉, |0〉, |n˜〉 at the position space, respectively. In addition,
mark outcomes −1, 1 if the state at coin 1 space collapses to
|−〉, |+〉, respectively. The state at coin 2 space will recover to
the target state a|0〉+b|1〉 if operating some local unitary oper-
ations according to the measurement results. The table below
lists the results and the corresponding revise operations.
Measurement Results on position and coin 1 space Revise operation
1,1 or -1,-1 I
-1,1 or 1,-1 Z
0,1 X
0,-1 ZX
TABLE XI: Measurement results and revise operations
Qubit teleportation on circles over long steps of walk
Suppose that there are two coins totally. The initial state of
walker-coin-coin system is
|φ〉0 = |0〉 ⊗ (a|0〉+ b|1〉)⊗ |+〉. (23)
Let the coin operators be identity and independent with time,
C1 = C2 = I . After the first step of W1, the state evolutes to
|φ〉1 = (W 11W 02 )|φ〉0
= |1〉 ⊗ a|0〉 ⊗ |+〉+ |d− 1〉 ⊗ b|1〉 ⊗ |+〉. (24)
After the second step of W2, the state evolutes to
|φ〉2 = (W 11W 12 |φ〉0
= |0〉 ⊗ (a|01〉+ b|10〉)/
√
2
+ (|d− 2〉 ⊗ b|11〉+ |2〉 ⊗ a|00〉)/
√
2.
(25)
Let the number of vertices d be an even number. At time t =
d/2, the state evolutes to
|φ〉t = (W d/41 W d/42 )|φ〉0
= |0〉 ⊗ (a|01〉+ b|10〉)/
√
2
+ |d/2〉 ⊗ (a|00〉+ b|11〉)/
√
2.
(26)
Then we take measurement with basis {|0〉, · · · , |d−1〉} on
the position space and use the measurement basis {|+〉, |−〉}
on the coin 1 space. Mark two outcomes 0, 1 corresponding
to |0〉, |d/2〉 at the position space, respectively. In addition,
mark outcomes −1, 1 if the state at coin 1 apace collapses to
|−〉, |+〉, respectively. The state at coin 2 space will recover
to the target state a|0〉 + b|1〉 if operating some local unitary
operations according to the measurement results. The table
below lists the results and corresponding revise operation. In
this scheme, we can revive the unknown state in two positions,
by 1/2 probability, respectively.
Measurement Results on position and coin 1 space Revise operation
1,1 I
1,-1 Z
0,1 X
0,-1 ZX
TABLE XII: Measurement results and revise operations
Qudit teleportation on complete graph over long steps of walk
In this scheme, after 2t steps, we can use quantum walks on
d-regular graph to transfer an unknown d-dimensional qudit∑d−1
k=0 ak|k〉 from the first coin space to the second coin space,∑d−1
k=0 |ak|2 = 1. Choose a complete graph with d vertices
and add a loop at each vertex. The coin space is spanned by
|0〉, · · · , |d − 1〉. The conditional shift operator between the
position space and the coin space is defined by
S2 =
d−1∑
k=0
d−1∑
j=0
|(k + j) mod d〉〈k| ⊗ |j〉〈j| (27)
Let the coin operator to be identity, C1 = C2 = I . The
initial state of walker-coin-coin system is
|φ〉0 = |0〉 ⊗
d−1∑
k=0
ak|k〉 ⊗
d−1∑
j=0
|j〉/
√
d. (28)
After the first step of W1, the state evolutes to
|φ〉1 = (W 11W 02 |φ〉0
=
d−1∑
k=0
ak|k〉 ⊗ |k〉 ⊗
d−1∑
j=0
|j〉/
√
d.
(29)
After the second step of W2, the state evolutes to
|φ〉2 = (W 11W 12 |φ〉0
=
d−1∑
k=0
d−1∑
j=0
ak|(k + j) mod d〉|k〉|j〉/
√
d
(30)
Let t be an integer mutually prime with the dimension d. At
time 2t, the state evolutes to
|φ〉2t = (W t1W t2 |φ〉0
=
d−1∑
k=0
d−1∑
j=0
ak|t · (k + j) mod d〉|k〉|j〉/
√
d.
(31)
Let (k + j) mod d = s, this state is equal to
d−1∑
k=0
d−1∑
s=0
ak|t · s mod d〉|k〉|(s− k) mod d〉/
√
d. (32)
Denote (t · s mod d) to be xs. Certainly, xs ∈ {0, · · · , d−
1}. For two different numbers s1 and s2 ∈ {0, · · · , d − 1},
9we have the relation xs1 6= xs2 . Assume xs1 = xs2 , we
conclude that t · (s1 − s2) mod d = 0. Because s1, s2 <
d, (s1 − s2) mod d 6= 0, we have t mod d = 0. This is
contradictory with that t and d are mutually prime.
Then, we take measurement with basis {|k〉 : k =
0, · · · , d−1} on the position space. Mark the outcome with k
if the state collapse to |k〉. In addition, we take measurement
with basis {|k˜〉 : k = 0, · · · , d−1} on the coin 1 space, which
is obtained by Fourier transform:
|k˜〉 =
∑d−1
m=0
e2piimk/d|m〉/
√
d, k = 0, 1, · · · , d− 1.
(33)
If we obtain result xs at the position space, the state in coin 1
and coin 2 space will evolute to
d−1∑
k=0
ak|k〉|(s− k) mod d〉. (34)
Correspondingly, this state can be expressed by
d−1∑
t˜=0
[|t˜〉 ⊗
d−1∑
k=0
ake
−2piit˜k/d|(s− k) mod d〉]/
√
d. (35)
If the state at the coin 1 space collapses to |t˜〉, the state at
the coin 2 space will be
∑d−1
k=0 ake
−2piit˜k/d|(s− k) mod d〉].
Then state of coin 2 operates with unitary operation Uxs t˜,
given by
Uxs t˜ =
d−1∑
k=0
e2piikt˜/d|k〉〈(s− k) mod d|. (36)
Thus, the state at coin 2 space will recover to
∑d−1
k=0 ak|k〉.
Qudit teleportation on d-regular graph over long steps of walk
We can also select a d-regular graph with n vertices to tele-
port an unknown qudit, where n ≥ 2d− 1. Suppose the num-
ber of vertices is in the range of {d+1, · · · , 2d−2}. The qudit
can not be teleported with probability 1. Let dn/2d − 1e be
the integer part, where t ∈ {1, · · · , dn/2d−1e}. The telepor-
tation scheme will occur at 2t steps. When t > dn/2d − 1e,
the existing state in the position space exceeds the maximum
label of vertices.
The first step of the walk is given by W1 = E1 · (Iv⊗C1⊗
I2), whereE1 =
∑d−1
j=0
∑n−1
k=0 |(k+j) mod n〉〈k|⊗|j〉1〈j|⊗
I2. Similarly, the coin operator C1 can be any qudit operation
for successfully teleporting. Here let C1 = I . The second
step of the walk is given by W2 = E2 · (Iv ⊗ I1 ⊗ I), where
E2 =
∑d−1
j=0
∑n−1
k=0 |(k + j) mod n〉〈k| ⊗ I1 ⊗ |j〉2〈j|. The
initial state is
|0〉 ⊗
∑d−1
m=0
am|m〉 ⊗
∑d−1
k=0
|k〉/
√
d. (37)
After two steps of quantum walks, we have the state given
by ∑d−1
m=0
∑d−1
k=0
am|m+ k〉|m〉|k〉/
√
d. (38)
After 2t steps of walk, the final state is∑d−1
m=0
∑d−1
k=0
am|t(m+ k) mod n〉|m〉|k〉/
√
d. (39)
The set of all integers that mutually prime with n and no
more than n is denoted by A(n). Let φ(n) represent the size
of A(n). That is to say,
A(n) = {x|1 ≤ x ≤ n, x ∈ Z+, (x, n) = 1}
= {A1, A2, · · · , Aφ(n)}
= {1, A2, · · · , Aφ(n)}
(40)
For example, A(6) = {1, 5}, φ(6) = 2; A(9) =
{1, 2, 4, 5, 7, 8}, φ(9) = 6.
Let t = xn + Ai, where x = 0, 1, 2, · · · , and i =
1, 2, · · · , φ(n). So the final state is
|φ〉2t =
∑d−1
m=0
∑d−1
k=0
am|Ai(m+ k) mod n〉|m〉|k〉/
√
d.
Obviously, (Ai(m + k) mod n) ∈ {0, 1, · · · , n − 1}. For
arbitrary different values of (m + k), they correspond to dif-
ferent (Ai(m+ k) mod n). There are totally (2d− 1) differ-
ent states in the position space. For convenience, we list the
position state following the order of (m + k) from small to
large:
|0(i)〉, |1(i)〉, · · · , |(2d− 1)(i)〉.
Thus, Alice measures the position state with basis
{(|k(i)〉 ± |(d+ k)(i)〉)/
√
2, |(d− 1)(i)〉, · · · , |(n− 1)(i)〉}
(41)
for k = 0, · · · , d − 2. Denote the result to be k, k + d or
d− 1 if the state degenerates to be (|k(i)〉+ |(d+ k)(i)〉)/√2,
(|k(i)〉 − |(d+ k)(i)〉)/√2 or |(d− 1)(i)〉, respectively.
In addition, Alice measures coin 1 state with the basis
{|k˜〉 : k = 0, · · · , d − 1} obtained from Fourier transform.
For example, when the result on the position space is k, the
state of coin 1 and coin 2 is∑k
m=0
am|m〉⊗ |k−m〉+
∑d−1
m=k+1
am|m〉⊗ |k+d−m〉
(42)
Expressing the state in coin 1 space with the basis obtained
from Fourier transform, this state is equal to
∑d−1
t˜=0
(
∑k
m=0
ame
−2piit˜m/d|t˜〉 ⊗ |k −m〉+∑d−1
m=k+1
ame
−2piit˜m/d|t˜〉 ⊗ |k + d−m〉)
(43)
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If the result of coin 1 state is t˜, the state of coin 2 is∑k
m=0
ame
−2piit˜m/d|k −m〉+∑d−1
m=k+1
ame
−2piit˜m/d|k + d−m〉.
(44)
In order to recover the state
∑d−1
m=0 am|m〉, Bob performs lo-
cal unitary operation represented by
Ukt˜ =
∑k
m=0
e2piit˜m/d|m〉〈k −m|+∑d−1
m=k+1
e2piit˜m/d|m〉〈k + d−m|.
(45)
If the results of the position state and coin 1 state are d + k
and t˜, Bob performs local unitary operation given by
U(d+k),t˜ =
∑k
m=0
e2piit˜m/d|m〉〈k −m|−∑d−1
m=k+1
e2piit˜m/d|m〉〈k + d−m|.
(46)
If the results of the position state and coin 1 state is d−1 and t˜,
respectively. Bob performs local unitary operation as follows:
U(d−1),t˜ =
∑d−1
m=0
e2piit˜m/d|m〉〈d− 1−m|. (47)
V. Summary
In this paper, we study quantum communication protocols
on various building blocks for quantum networks by quantum
walks with two coins. By alternately using two coins, we find
that perfect qubit state transfer can be implemented either on
the line or on the N -circle. In particular, perfect qudit state
transfer by quantum walks can be first realized either on the
complete graphs or on the d-regular graphs which cannot be
obtained by quantum walks with one coin. Furthermore, we
study how to do generalized teleportation [16] by quantum
walk with two coins after long steps of walk on the above
graphs. These works explore some new application for quan-
tum walks with multiple coins. Because quantum walks are an
universal quantum computing model, it may provide an uni-
versal platform for the implementation of scalable quantum
networks.
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